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Dynamics of Nonlinear Lattices
I. Localized Optical Excitations, Acoustic Radiation,
and Strong Nonlinear Behavior!
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ABSTRACT

A one-dimensional lattice of equimass particles coupled to nearest neighbors by
nonlinear “linear-plus-quadratic” force laws is excited with initial conditions for which
alternate masses are displaced along fwo smooth curves. This results in an interaction
between “acoustic,” low-frequency motions and “optical,” high-frequency motions. A
continuum description in terms of a pair of coupled partial differential equations it
introduced and analytical solutions obtained are found to agree quantitatively with
small-amplitude, short-time, optical-acoustic interactions observed in numerical solutions
of the lattice equations. Hence the lattice or discretization phenomenon known as
“aliasing” (coupling of optical energies to acoustic energies) can be treated analytically
by a continuum description if the energies involved are small. As the strength of the
initial amplitudes is increased, this description in terms of two smooth curves becomes
invalid, and ““three-curve” states appear after a short time. A further increase in the non-
linearity results in a rapid cascade of energy across the entire modal energy spectrum.
For the times considered, however, we fail to attain complete equipartition of the spectral
energies. Instead, very regular features such as one-, two-, three-, and higher-curve
states are observed to occupy a large fraction of the lattice length and are preserved as
they propagate along and interact with each other.

I. INTRODUCTION

In this paper we consider a one-dimensional anharmonic lattice consisting of
N> 1 discrete, equimass particles per unit interval interacting with nearest
neighbors only, and whose Hamiltonian is

2N
H= % z [(yn/w)z + (yn - yn—1)2 + %o‘(yn - yn—1)3]- (1)

n=1

1 Parts of this paper were presented at the International Congress of Mathematicians, Moscow,
August 1966.
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Here y, denotes the displacement of particle n, w? = «/m, « is a “linear” spring
constant, m is the constant mass of each particle, « > 0 is a measure of the non-
linearity in the corresponding equations of motion, and a dot denotes time
differentiation. We have restricted ourselves to a nonlinear interaction potential
energy of the cubic type in (1) (that is, a linear-plus-quadratic force law), but the
following approach is applicable to any lattice having short-range forces. This
system provides a simple model for treating nonlinear wave propagation in
discrete media such as solids [1] and plasmas [2-4]. In fact, we may think of the
lattice as a discretized representation of a continuum and thus view some of the
phenomena as resulting from discretization; that is, the response of the system
to short wavelength excitations.

Of the wide class of motions available to the lattice, we distinguish between
two basically different types, combinations of which can be excited by appropriate
choice of the initial conditions y,(0), ,(0). By ‘“acoustic’” or low-frequency
motions of the lattice, we denote time evolutionary situations in which all particle
displacements y, remain on a single smooth curve y(x, t). “Optical” or high-
frequency motions will be referred to when alternate particles move on #wo
distinct, smooth curves w(x, ¢) and z(x, #). If we may assume that nonlinearities
cause the optical states to interact only with the acoustic states (and we take N
large), then we should be able to describe the lattice motion in terms of com-
binations of the two-curve states, w and z.

When the nonlinear forces are not too strong and in those cases where we
impose fixed or periodic boundary conditions, another representation of the
dynamics is given in terms of “linear” Fourier modal energies [5]. Acoustic
motions [6, 7] then correspond to energy residing in the low frequency linear
modes, and their basic property is wave propagation at the “sound speed” of the
linear lattice. Optical motions correspond to energy in the highest frequency
linear modes, and their basic property is high frequency vibration at the lattice
frequency, w/w. The modal representation, aithough well known to physicists,
has rarely provided us with the basic understanding necessary for a proper
analytical description of the dynamics. However, some of the results are sum-
marized by presenting the modal energies vs time (“half” the information since
the phase is omitted) because they do provide an alternate view of the dynamics.

Earlier treatments of similar lattices [8-14] have focused attention on long
wavelength or acoustic excitations of this system, as first studied by Fermi, Pasta,
and Ulam [5]. Solving initial value problems, starting with only the lowest linear
mode, they observed that only the lowest linear modes of the lattice spectrum
were excited. M. Kruskal and one of the authors succeeded in describing acoustic
phenomena in terms of a continuum description of the lattice [1, 4]. In particular,
for progressive waves on one characteristic, the Korteweg-de Vries equation,
a third-order nonlinear partial differential equation, provides a long-time, uniform
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asymptotic description of acoustic motions and predicts the near recurrence of
sinusoidal initial states, which Fermi, Pasta, and Ulam observed for (1).

In the present paper we excite the optical modes of the lattice by a proper
choice of initial conditions. In situations where random or well-mixed states of
the lattice are present, optical excitations in the spectrum will be an important
feature, so the present work is a prerequisite for an understanding of “turbulence”
on the lattice. Furthermore, some heuristic work of Izrailev and Chirikov [15]
suggests that for a lattice it may be easier to achieve mixing of energy, or a
“stochastic” condition, when the energy resides initially in the high-frequency
linear modes.

In Sec. II we treat optical-acoustic lattice motions in terms of a pair of partial
differential equations, that is by a continuum description. The limitations of these
equations to short times are discussed, and they are used to predict the generation
of acoustic motions from purely optical initial conditions. In Sec. III a numerical
solution of the lattice equations is discussed. It illustrates the generation and
radiation of acoustic pulses from localized purely optical motions, and compares
favorably with the analytical results of the continuum description of Sec. II.
In Sec. IV the effect of increasing the relative size of nonlinear forces is described.
We were surprised to find a qualitative departure from small nonlinear behavior—
three-curve states were radiated by initial optical excitations. That is, in these
states or packets the motion of every third particle is strongly correlated and,
in effect, every third particle lies on a separate smooth curve. It is significant that
for the times we consider, one finds a high degree of regularity in the motions y, ,
as seen through a persistence of one-, two-, three-, and higher-curve states. The
final example of Sec. IV illustrates this case. A generalization of the continuum
methods for two-mass systems is given in Sec. V.

II. CoNTINUUM DESCRIPTION OF OPTICAL-ACOUSTIC EXCITATIONS
OF AN ANHARMONIC LATTICE

The equations of motion of a lattice of particles whose Hamiltonian H is (1)
can be written as

0 Yy = (Pps1 — 2¥n + Yn Dl + (Ypy1 — Yud);
(n=0,1,..,2N — 1). )
Although we usually prescribe periodic boundary conditions (y,y = y,, etc.),
this does not restrict the generality of our results as the periodic interval is larger
than the initial length scales.
If we normalize the length of the periodic lattice to 2.0, then the particle spacing is

h = 1/N.
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The dispersion relation for the ‘“‘corresponding linear lattice” (a = 0) (cf.
Appendix I.A) is

(k=0,1,..,N), 3

. km
2 2 2
w? = dw?sin (ZN)’
and the mode k£ = N corresponds to a vibration at the lattice frequency
=Yy _ @
[Cha - 7’
It is common to analyze systems like (2) through representations involving
interacting normal modes. These are obtained by spatially Fourier decomposing y,
(Appendix I.B). In the study presented below we prefer to use a continuum

representation of the various dynamical states that arise. However, it is sometimes
convenient to view the state of a system by giving the energy in the spatial modes

H, = HkL + HkNL’

where Hy* are the usually defined [5] “linear modal energies,” HML are con-
tributions from the nonlinear portion of (2), and H = Y'¥ , H, is a constant of
the motion.

The optical portion of the lattice spectrum is excited if we displace particles
alternately along two different smooth curves, as shown in Fig. 1. If we assume

W,z

t=o Ve N EVEN MASSES (Wp)
V) L3

AN A ODD MASSES (2n)

Fic. 1. Optical initial conditions.

that the particle displacements remain on two smooth curves at later times, the
degrees of freedom available to the system are reduced, and one can easily obtain
a continuum description in terms of these curves. This is a good assumption when
the nonlinear interaction potential energy is cubic and a poor assumption when it
is quartic. We will discuss the latter case at a future time.
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If we distinguish between alternate masses, as we would, e.g., if they were differ-
ent (as described in Sec. 5), we can write the equations of motion corresponding to
(2) as

w2, = (Zpyy — 2Wp + Zp_)[1l + (Zpyy — Zuy)l, 7 =0,2,..,2N — 2,
C))
w2, = Wppq — 225 + Wo [ + a(Wpyy — We )}, 7= 1,2,...,2N — 1.

Here we denote the displacements y, by w, and z, for even and odd masses,
respectively. We assume that w,(¢) and z,(¢) are discrete approximations to a pair
of sufficiently differentiable functions w(x, ¢) and z(x, ¢) on the interval —1 << x <1,
where x = —1 + nh. Denoting differentiation by 0, , ¢, , etc., we may then
write

wnil—wj:haxw—i— 8wi Bw—l— 84w~|—0(h4) n odd,
31

and similarly for z,4+, . We then find the following system for w and z:

2
w20 2w = 2(1 + edyz + % 68,,32) (z — w) + K1 + €d,2) 8,22

+ ;12 02z + O(ehh),
(5)

2
w202z = 2(1 4 edw + % e@m:*w) W — 2) + Bl + edw) 82w

h?

T13%

B.4w + O(eh®),

where € = 2oh. If higher order terms do not contribute significantly to the
equations of motion (5), then w and z are smooth curves, and these equations
may give uniform descriptions of acoustic-optical lattice motions over long times.
For example, if we consider only acoustical motions, then adjacent lattice points
lie on the same smooth curve, or w = z, and (5) reduces to the acoustic equation
studied in [1].

To separate the motions more effectively, we rewrite (5) in terms of average
(acoustic) and difference (optical) variables

w(x, t) + z(x, t)

u(x,t) = — 3 v(x, 1) = _w_(')_c’_t)_—_zgc_’t)

2
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Adding and subtracting the equations in (5), we obtain

w202 — 4evd, (v + f’g a,zv) 1 28, 33¢u + % [(94)2 + (8,0)%]

h4
+ 55 26t + O(eh?)
(6A)
—25 2 h2 2 2
w2020 = —4p [1 + €8, (u + %0 u)] — B0,{0,0 + €(2,4)(2.0)}
h4
— 33 840 -+ O(el).
(6B)

In the present paper, we examine the coupling between acoustic and optical
motions governed by (6) in the interesting “intermediate’” regime where « = 1, or

e = O(h),

that is, in terms of one dimensionless parameter. We restrict our investigation to
times that are long with respect to optical time scales, t, = 1/v,, but less than
acoustic times, t4 = 2/hw = 2/c. (Here, ¢, is the oscillation period for the lowest
mode of the corresponding linear string, i.e., the lowest mode of the equation
o2u = c%0.%u).
We assume a one-parameter ordering in which
U=eml,  Bu =N O,  Bu = o

and

D=ed, B0 =i, B, Op = et D3,

where x, , x, , t; and ¢, are new independent variables chosen so that 7, 9, i, etc.,
all have magnitudes at most O(1). If we substitute these expressions into (6A)
and (6B), omit constant multipliers, and treat A = O(e), then the exponent ¢ in
each term can be written as shown in Table I. A quick examination shows that

TABLE 1

EXPONENTS OF ¢ IN EQUATION (6)

Term in|
(6) 1 2 3 4 5 6 7

A | m+2r 142p+»| 342u+3v | 24m+2n [3+2m+3n 3+2u+3v  {44-m+t4n

B | pt2p » l+m+p+n|3+m+p+3n 24p+2v 3+m+p+2n+v 44+ p+4v
3+m+ptnt2y
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there are many possible orderings that are consistent. We ask whether there is
a consistent ordering which agrees with the results of numerical computation,
namely an ordering where terms 1 and 4 of (6A) compete and where terms 1 and 2
of (6B) compete.

Table II gives the relations one obtains when certain terms compete (=) or
are related by an inequality (<C). Since n > —1, (f), then r > 0, a fact consistent

TABLE II

COMPETITION AMONG TERMS IN EQ, (6)

Competition Inequality
Al =A% r=1+n () || 43 < A2; 46 < A2; B5 < B2: y>—1 (d
ALS A2 2 <14+24v—m (b) || AS<A4;B3 < B2 m+n>—1 (o)
Bl=B% p=0 © || 47 < 44: n>—1 ()

with acoustic phenomena evolving more slowly than optical phenomena [p = 0,
(©)]. Substituting (a) and (g) into (b), and assuming . = mand v = n, we obtain

l4+n—m=1+v—pu<0.
We take v = — % corresponding to a localized optical pulse and thus:
n=—=%, r=4%, and n=t.

Hence to order €% (6) becomes
w8 = 4ew 1100, (34 e M%)
-2
+ a—4— Op (Ol + § €#P1I2[(040)* + (0:,9)°]}

. ™
w~2a§117 = —4%(1 + e“+1/26m1ﬁ) — € ch 321'5 + O(€).

Normalizing the independent variables of (7)
T = 2wt, ¢ = 2x/h,
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we obtain
0.2uq) — 0fuq) = 200,(v%y), (8A)
0.vq) + v =0, (8B)

where we use the original dependent variables u and v to first order. To this order
the optical state drives the acoustic motion but there is no feedback from acoustic
to optical.

We shall use (8) to predict quantitative features of the acoustic state u generated
by initial conditions for which only a localized optical state v is nonzero, for
example, the Gaussian displacement of v illustrated in Fig. 1 and given by

(€, 0) = vy(€) = & exp[—(hé/24)*]
u(¢, 0) = u,(£,0) = v.(£,0) = 0.

The parameter 4, which determines the half-width of v in the original x coordinate,
is typically taken as O(h'/%) (localization). For short times, we may eliminate
boundary considerations and assume an infinite line on which u# and v decay
exponentially at infinity. We will then be able to compare u and v with numerical
solutions of Eq. (4) on the periodic lattice.

Equation (8A) is an inhomogeneous wave equation for u() in terms of v, ,
and is easily inverted using the well known d’Alembert solution [16]

du(é, 7) =FE+ 7,6 — 1)

+ o 0 [02,(6 + 7 — 0, 0) — 03,(§ — 7 + 0, 0)]do, (10)

(€)

where
F(¢ +71,& — 1) =}ou +7,0) + du(§ —7,0) + d,u(€ + 7,0) — du(¢ — 7, 0)].

We will be comparing analytically derived and numerically computed values of
0Oqu, because they allow a more severe comparison. We adopt our small parameter
7 as

7 = of maxu({, OF < 1. )]
It arises naturally if one assumes
2€0u A 4adguqy <K 1,

and also if one takes the ratio of the nonlinear-to-linear energies in (1) and replaces
the differences y, — y,_, by 2v. It is easily seen that the potential energy curve
of adjacent oscillators gives rise to repulsive forces for values of % above 0.5. This
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leads to exponentially increasing deviations or “runaway motions” of adjacent
particles. We shall not consider such unphysical situations here.

For n? < 1, let us consider initial conditions where there are initial optical
displacements and velocities

U(f, 0) = 00(5)3 6,1}(5, O) = 60(5),
(12)
F(¢ + 7,7 — 1) = 0(no initial acoustic state).

The solution of (8B) is then

o€, 7) = v(€) cos T + y(§) sin 7,

corresponding to a linear lattice of independent harmonic oscillators. It follows
from (10) that

dauy(é, 7) = o{v(€ + 7) — 2[vy(€) cos T + Fo(€) sin 7] + v*(§ — )}
—a J: {sin 20 [2(¢ + 7 — o) + v} — 7 + o)
S8 47— @) — 6 — 7+ 0]
—2cos20fv(§+7—0)B(E+ 7 — o)
+ 0§ — 7+ 0) (¢ — 7+ o)} do, (13)

where we have integrated by parts once.

In Appendix IT we derive properties of (13) in several limiting cases. For
example, if the initial conditions are given by (12) and if vy(§) and 9y(£) are suffi-
ciently smooth, have extrema at £ = 0, and if they tend to zero sufficiently rapidly
as | £ | becomes large with respect to the width of the initial condition (the param-
eter B = 24/h o< €1/?), then

o€, ™) liwe = 3 [630) + 82001 + O (7). (14)

when 7 > B, that is, long times. In Eq. (14), we follow that portion of the acoustic
pulse at ¢ = = which moves with unit velocity from the origin, £ = 0. Further-
more, assuming conditions on vy(£) and §,(€) as above we also derive the form of
the nonpropagating portion of (13) (which remains in any finite é-interval near
¢§ =0as7—> o) as

Sauq)(€, 7) — @ (€) + uy(é) cos 27 + u(£) sin 2, 15
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where

@'(€) = —afv’(€) + 8XO), (16)

and
u(&), u)®) = 0 (o 32) (17)

The acoustic state in (15) has a negligible oscillation about a mean value '(£).
The limit in (15) is uniform in any fixed, bounded &-interval.

III. COMPARISON OF ANALYTICAL/NUMERICAL COMPUTATIONS

A. GENERATION OF ACOUSTIC (ONE-CURVE) STATES FROM OPTICAL INITIAL
CoNDITIONS, 7 < 1

To compare quantitatively the continuum formulation of Sec. II with numerical
solutions of (4), we choose lattice initial conditions w,(0) and z,(0) for which there
is no initial acoustic motion

w,(0) = @ exp [— (-n—AjN]if], n even,
20) = ~dexp (25 NN )2] n odd, (18)

wn(0) = 2,(0) = 0.

We impose periodic boundary conditions, as usual. For the example of Fig. 2,
N =200, « =1, 4 =0.106, and ¢ = 0.0175, corresponding to a nonlinear
strength

n = af = 0.0175. (19)

In the ordering scheme of the previous section, this corresponds to u =1 in
Eq. (7).

In Fig. 2 [first column, (a)] we have plotted at three different times the numerical
differences for the w and z curves, namely

By = Mt%i n=1,3,..,2N—3

8,2, = %ﬂ n=24,., 2N —2.

20)

For comparison, we have plotted in column (b) the corresponding average, or
acoustic state d,#(x, t), which is computed here by taking an average of the third-

581/2/2-4



001= Im (a11) 00I= 4o (su014p(11950 10911d0 @11E 'POIIRd JBBUIT GZ'0) DOI=im (DIN)
oSl 00! oS [ SI'o— SI'0o-
—r v : e 11— ¢ 0l 5
.. 01 \

{e01 o1 ..:..ﬂx - __;V\ /_.N_,
PV -\ \VALVAVS

{101
n¥p
“o0l 510 sI'o
Ot = 4m (311} ov=im (ah) {SU01101|1980 100140 L21°POLag J0aur 1'0) O = 4™ (D1Y)
oSt 00! 0S o Sto- s
T ——r—1—1 .0l

‘o-
L
0
:NI :;x
tym=x
=0 oy « o= ol ol-

Y A VY

LR

oo,

{0
n¥e
R 1 j
00 sl'o s'o
0=1m ‘WA |H/tHIboT(21) O =1m ‘94045 (abosaay) 211803y (Q1) O=iM ‘X'SA S9AIJDALIAQ |DISAWNN (D))
(o1} oo1 0s [o] S0~ SI'o-
Tty ¢-0l T

1z:00

=01

{0t upx uz¥
1% o1 o~ 01 o1-
sUo

0.0175, N = 200,

Generation of an acoustic state from optical initial conditions (n

FiG. 2.
4 = 0.106).
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degree polynomials interpolated through four adjacent points of the §,w, and
8,2, functions, respectively; that is

1
8 + 1¢ 9071 + 8200) — (Bzna + 82,0),  meven

il

1
5 @n

8,

520 + 1¢ 9Wns + Bs) — BWsa + Swn ), 7 0dd.

In the presence of two-curve states only, (21) is a good approximation to the
continuum function d,u, with u as defined in the previous section. The last column
of Fig. 2 gives logarithmic plots of the modal energies (defined in Appendix I.B).
At wt = 0, we see that the excitation is confined to the high wavenumber modes.
At wt = 40, we observe the formation of an acoustic state with a corresponding
buildup in the low wavenumber energies.

At wt = 100, corresponding to 0.25 linear period (31.8 optical periods), two
acoustic pulses have propagated away from the optical state, which then remains
localized and vibrates nearly at the lattice frequency, w/w. The ratio of the energy
in the acoustic part of the spectrum to that in the optical part of the spectrum is
ad? = 3.06 x 104 Except for a slow spreading of the optical state, this qualitative
situation persists for two linear periods of 255 optical oscillations, that is, even
when the propagating pulses return and interact with the central state (due to the
periodic boundary conditions).

B. COMPARISON WITH THE FIRST-ORDER CONTINUUM DESCRIPTION

For the initial conditions given in (18), the corresponding continuum initial
conditions are

v(x,0) = Jdexp [— (%)2],

(22)
vy(x, 0) = u(x, 0) = uy(x, 0) = 0.
If 8 = 24/h > 1 and wt > B, we have from (14)
1
8%, 1) lpmct = No* [1 + O (-B?)] ~ 0.06125, 23)

where we recall that £ == 2x/h = 2Nx. This agrees with the height of the indicated
pulse in (iiib) of Fig. 2 to within 0.25%, the approximate accuracy of the numerical
calculations (Appendix III).
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Furthermore, the value of é,u(,) at the origin is given by (15-17) as
_ 1
Bty (X, 1) lpep = —2Nad? [1 +0 (’Ef)] ~ —0.1225. 4

In Fig. 3, we compare (13) (dashed line) with the numerical results for this case
(solid line). Figure 4 gives the difference between Eq. (13) and &,% (Fig. 2, iiib)
at wt = 100 (0.25 of a linear period). The numerically computed minimum at
the origin has risen to a 4.5% disagreement with (24), because of the continued
interaction of the acoustic and optical state (which slowly spreads into the lattice).

If one allows nonzero initial optical velocities the results are essentially the same
except that wave shapes are altered.

d,u (o)
2Na V2
|qo 290‘
° ' 'wt
/o/o/‘/./.
./'/. /,/’/—/
o ///’
/ 7
-0.5 ~
/ pe
e
N
.\\\ .///
P B o s
\/

Fic. 3. Comparison of the acoustic states at x = 0, as derived from the continuum analysis
(13) and from the numerical computations (21) (N = 200). — - - Eq. (13) (4 = 0.106); — Eq.
(1) (7 = 0.0175, 4 = 0.106); —-—-Eq. (21) (3 = 0.163, 4 = 0.1); —.~ Eq. (21) (y =0.326,
4 =0.1).



NONLINEAR LATTICE DYNAMICS—OPTICAL EXCITATIONS 139

T+ 0.05

~3
x”m

2nNa¥?® | 4y 2100

-0.5 03 X

<+ -0.02

Fic. 4. The difference: (0% — 9,uq))/2Nat® at wt = 100, as derived from (21) and (13)
(n = 0.0175, N = 200, 4 = 0.106).

IV. LARGE NONLINEAR EFFECTS; GENERATION OF “MULTI-CURVE” STATES [17]

The examples of the preceding section show that for values of 7 less than 0.1
a two-function continuum description can be used to describe the dynamics of
a lattice with optical initial conditions for moderate time intervals. As 7 is increased
beyond 0.1, we observe a qualitatively different lattice motion, namely, the presence

of three-curve states. That is, every third par ng_laltmﬁ_]ms_on_a_senaxaie—

LHILICCO= 11U W
The results of Fig. 5 are obtained with p = 0.163, N = 200, 4 = 0.1 corre-

sponding to u = % in (7). We have plotted &,7 and observed that the two radiated

acoustic pulses still have heights which are predicted by (23) to within about one

percent, namely,

O (X, 1) | yoor = 5.37

wi=100
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and

1
amu(l)(x’ t) I::-ct = 53140 (——)

5.0~[ b‘a
b {
-1.0 10
X =
-5.0"
a) wt=100 (0.25 Linear Period, 31.8 Optical Oscillations)
0.0+ _ _
3,
501
Three —Curve
SM"]\
-10 S ° Lo
X e

-3.0-

b) wt= 200 (0.50 Linear Period, 63.7 Optical Oscillations)

F16. 5. Formation of three<curve states (n = 0,163, N = 200, 4 = 0.1).
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These radiated fronts are hardly affected by the deviation of the optical state
from a simple harmonic oscillation. However the central acoustic state differs
considerably from &,u(,) after several oscillation periods ¢,, as shown in Fig, 3,
so that v, gives a valid approximation to v only for very short times. In Fig. 5a
at wt = 100 (0.25 of a linear period), the minimum value of the acoustic state at
x = 0is less than 50% of that given by (24). In Fig. 5b at wt = 200 (0.5 of a linear
period), the value of 9,7 has fallen to 25% of (24) as a result of the “spreading”
of the central region and the generation of three-curve states. These states propagate
with a group velocity of approximately ¢/2, corresponding to a pulse whose mean
wavenumber is k = 2N/3.

In Fig. 6 we have given plots of the modal energies. We note that for wt = 100,
0.310 of the total energy H resides in the midmodes, & = 20 to 180. [This compares

10° - .

a) wt=100(0.25 Linear Period)

o] 50 100
MODE NUMBER

10k b) wt=200(0.50 Linear Period)

1073 r. *‘ 4

3-CURVE, &

.
.
)

1.

1078 9 1 I 1 1 L i i Il 1 i 1 . 1 1 1
0 50 100 150 200
MODE NUMBER

Fic. 6. Modal energy spectrum (3 = 0.163, N = 200, 4 = 0.1).
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with 0.36 x 10-¢ of H in the midmodes at wt = 100 for the % == 0.0175 case
(Fig. 2)]. We also note that after wt = 100, the energy per mode remains less
than 10-5 of H in the region 20 < k < 125. Since an M-curve system will corre-
spond to energy in modes centered about k& = 2N/M, we therefore expect two-
and three-function continuum descriptions to be adequate for describing lattice
motions in the present case.

For our final example, we double the nonlinearity parameter to » = 0.326,
keeping N = 200, 4 = 0.1. The motion becomes much more complex in this
case, consisting as usual of two propagating acoustic fronts which, however, do
not separate from the oscillating central regions before encountering the bound-
aries, as they did in Fig. 5. In Fig. 7 we show 2,4, from (21), vs x at a time w? = 200
(0.5 of a linear period). The initial conditions are identical in form with those of
the previous example, with their amplitudes doubled. We have produced a com-
puter-generated film {17] for this case and have observed:

(2) In a very short time (a few optical oscillations #,) the Max | 8w, | and
Max | 8,2, | grow considerably, but are quickly bounded as energy flows away
from the central region via the acoustic fronts.

(b) The energy in the acoustic regions is sufficiently large, that one can see
them steepen as they propagate away; that is, “shocks™ are in the process of
forming.

(c) In the spatial region between the acoustic and optical states, we see large
amplitude three- and four-curve states. In Fig. 7, for the sake of clarity, we have
drawn smooth curves through sets of points that have correlated motion. The
three-curve states, for example, are observed to propagate with a velocity of
approximately c¢/2.

(d) For times greater than half a linear period, when the periodic boundary
effects give rise to more complicated motion, we still see many regions where
there is correlated motion among groups of particles, including the four- and
even five-curve states! Thus, the lattice does not seem to exhibit a truly random
motion on these time scales.

This latter conclusion was somewhat contrary to our expectations, although
it is analogous to the results of Fermi, Pasta, and Ulam [5] in the case of low
amplitude, acoustic initial excitations. In Fig. 8 we show the evolution of the
modal energies. At wt = 0 the energy resides in the highest optical modes; after
0.05 of a linear period (6.4 optical oscillations), Fig. 8a shows the rapid cascade
of energy to the low end of the spectrum, together with a rising importance of
many central modes. Very soon afterwards, we reach a state whose average features
are exemplified by Fig. 8b (0.5 linear period). At this time 0.558 of H has been
transferred to the central modes (20 < & << 180). At later times, one sees only
small energy fluctuations about this nonuniform spectrum, indicating that our
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Fic. 7. Regular features in a strongly nonlinear example (3 = 0.326, N = 200, 4 = 0.1).

system does not reach a state of equilibrium having equipartition of energy among
the various modes. This undoubtedly is due to the coherent states that we observe
in Fig. 7. In Fig. 8b we have indicated those regions of the spectrum that would
be occupied by one-, two-, three-, etc., curve states.
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Fic. 8. Modal energies for strong nonlinear excitations (n = 0.326, N = 200, 4 = 0.1).

In Fig. 8b we have also indicated a dotted line, below which fall the absolute
values of all nonlinear contributions to the modal energies, according to our
definitions of Appendix I.B. As can be seen, all but the least energetic modes
agree to well within 109 of their linear modal energies H,~. Thus, the linear
modal energies still give a qualitative measure of the state of excitation of each
mode.

V. GENERALIZATIONS

Until now we have restricted ourselves to the specialized Hamiltonian (1),
with corresponding equations of motion (2). We should emphasize that the con-
tinuum viewpoint for multifunction systems is applicable to more general
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situations, for example, nonnearest-neighbor interactions and damping, i..,
velocity dependent terms, in (2).

We conclude with the generalization of (6) and (8) appropriate to a lattice for
which even and odd particles have different masses m, and m, , as for example in
a crystal of sodium chloride. In this case the distinction between even and odd
particle displacements is somewhat more natural than before; a two-curve
description is needed, even in cases where the particles are initially displaced
along a single smooth curve. We denote

@y* = kfmy, @y* = Kklmy, Q" = Wy Wy,

0 = Byld; = (my[my)'/?,

where « again denotes the linear spring constant. Let w(x, £) and z(x, t) again
denote continuum curves along which lie even and odd particle displacements
wa(t) and z,(¢), respectively. The equations of motion for w, and z, are similar
to (4), except that we must replace w2 by &;? and &;? in the first and second of
these equations, respectively.

In Appendix I.A we give the corresponding dispersion relation for the linearized
lattice equations. The acoustic and optical branches are distinct, except in the case
o = 1, where (3) applies.

The generalization of (6) is found to be

o—1
o+ 1
+ 10, o + 5 [0 B0, 0,0) + 00 - F 0t 0]

4
2 Bt + O(eh), (25)

w2020 = —4F,(u, v) [1 1+, (u + % a,zu)]

w202 = 4§ (u, v) [ + €9, (v + h_62 64,20)]

— 0, o + 5 [0t - Tu00, 8.0) + 00 - 5, (0u0, 2]
h4

-1 00 + O(eht), (26)
where
_ @eW + @yz o — DW — @2
@y + @& T @+ By
and

B, 8) = = ': 1 [((1,— 1)/ + (},+ 1)g].
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Corresponding to (8), we expect a short-time description of the optical-acoustic
interactions to be given by

o— 1
02U — Ofug) = ('J?T + 406?%0(1)) Bolua > vwy)
@7

0 v + Fouw > vw) = 0,

where the £, 7 coordinates are defined in (8). For example, (27) follows from the
ordering hypotheses in Sec. I1 if we impose the additional requirement that

II ¢ 7= 1, We ODSEIVe nat LNe ¥ MOUON 1S ariven Dy an aaaiuonal Term Ug) o)
and the » and v motions are coupled, even in the case « = 0, and v is no longer
harmonic. Thus, one might conjecture that there would be an increased tendency
for the modal energies to relax toward a state of equipartition. This case warrants
further study.

VI. CONCLUSIONS

We have shown that a two-function or two-curve continuum description can be
used to describe analytically the dynamics of equimass, anharmonic lattices
excited by weak, localized, optical initial states. As the strength of the excitation
is increased, the two-curve description breaks down, and one sees multicurve
states (in the numerical computations) radiated from regions containing one-
and two-curve states. For very strong initial optical excitations, the multicurve
states persist and the motion seems far from random.

These results are also indicative of the trouble that can arise in the numerical
simulation of continuum phenomena. The process of discretizing a continuum
is equivalent to setting up a lattice to represent the continuum. We observe that
if nonlinear processes cause energy to flow to the high wavenumbers, then because
of the discrete nature of the lattice this energy can be fed back to the low wave-
numbers that we are in fact trying to simulate. This *“‘aliasing”™ [18] error has been
treated quantitatively in this paper for a one-dimensional problem when the
optical energies are small.
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APPENDIX I. DISPERSION RELATIONS AND SPECTRAL DDECOMPOSITION
A. Lattice Dispersion Relation

Let us consider a one-dimensional chain of 2N particles, periodically extended,
in which even particles have mass m, and displacement w, and odd particles have
mass m, and displacement z, . The equations of motion are

U
B Wy = Zpyyr — 2Wy + Zpg, n=02,.,2N—2,

~—D s

@38y = Wy — 22, -+ Wog, n=1,3.,2N—1,

where &,2 = «/my , &% = «/m, and « is the spring constant. To determine the
dispersion relation w; associated with mode k, set

= e (255 )]

, ( @n+ Dk wkt)]

o = apenp s (2

forn =0, 1,..., N — 1. We then find [7]

2km\1/2

W = @ - @ (6)14 1 @,4 - 263,235,% cos —N—) .

For the equimass systems to which we have restricted ourselves in this paper,
@,% = @, = w? and the above becomes

kw

2N N
PEE k=01,., 5

2N

sin?

wy? = 4w?

, (28)
cos?

giving the acoustic, or low-frequency, branch and the optical, or high-frequency,
branch respectively. In this case, the optical branch can be considered as an
extension of the acoustic to N/2 < k& << N. This convention was used for con-
venience in plotting the modal energy diagrams of Figs. 2, 5, 7and 9 [e.g., k = N
in these diagrams actually corresponds to the & = 0 mode of the optical branch
in (28)]. If &, =~ &, the optical and acoustic branches are separated by 2(&,%2 — &,%)
at k = NJ2.
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B. Spectral Decomposition of Periodic Lattice Displacements and the
Nonlinear Modal Energies

To make precise our definition of “modal energies,” especially for the nonlinear
equimass Hamiltonian H in (1), we take a spatial spectral decomposition of y,(f)

1 W .k
alt) = zap L vdo) s1n—1—v7—r ;
1=0
(29)

N1 lkm

1
b(t) = NiFE ;’ yi(t) cos v k=0,1,.,N.

These can be inverted according to

1 N1 k
() = ’Ni—/z 35 [Bo + (— 1B + 3. (2 sin 257 -+ by cos "—N”—)g (30)

k=1

If we substitute (30) and its time derivative into (1) and rearrange terms, we
find that

N N
H=Y H +HH =Y H, @31
k=0

k=0

where for k = 1,..., N — 1, w; = 2w sin kn{2N,

—2 o
HE = 27 (@2 + 53 + wdad + b, (32)
and
NL aw=® A5 b
Hic = W Zl {wkwmwk+m{(akam - b)‘c m) Qrim + (akbm + bka'H) bk’*m]

+ 2030 N N—-ml(@AN_m T OtDN_m) AN—t-m

+ (@bn-m — DiN—m) On_sm]}
aw=® &
+ E(W)T/—g ng:l {wron_kimON-m(BDN_kim + Brx8N—tksm JON-m

— (@ aN—rim — DibN_iim) Av-ml} (33)
Fork=0andk =N

w—

2 o
Hl = i b, Hyt = %‘" (bn* + wa®bn?), HYY =0,




NONLINEAR LATTICE DYNAMICS—OPTICAL EXCITATIONS 149

and
HII:;L = _ﬁ(_u__a_waN Nz_lw Wy (b An_m + a bN ).
OV

The choice (33) also preserves the property that

He= HE=HN=0, if a =b,=0. (34)

The energies H, are no longer necessarily positive, nor indeed is the total energy H
for all possible initial conditions.

The nonlinear contributions to the energies serve to couple the linear energies
(32), so that except for « = 0 they will no longer be constants of motion. Due to
the lack of uniqueness in writing down (33), it is not very instructive to consider
the energies H, except in cases where they differ only slightly from their linear
contributions H.L. For the examples of Sec. III, the ratio

| H3" |

EA (33)

remains well below 19, except for the very least excited modes. Even for the final
(highly excited) case of Sec. IV, the ratio (35) eventually remains less than 109,
except for the least energetic modes.

The equations of motion (2) in modal form are written below for reference:

N
 + oty = —a Y (Vana, + ViAaub, + VEb,b,)
m,n=1

(36)
. N
bk + wk2bk = —a 2 (Vlc(1zrzlfr)zaman + Vlgrznzztambn + Vh(:fr?z»bmbn)a

m,n=1

where the V¥ are polynomials in the w; . For example

(11) __ 1
Vkmn _ 2w(N)1/2

: [(1 + Sk,o)(ak,m+n - ak.zN—m—n)
+ (1 - 8k,I\I)(ak.‘m—fn + 8k,—m+n)]

(11) (11) (11)
{Van = VimN = VkNN = 0},

Wy Wy

forl <mn< N—1and 0 < k < N. §, , denotes the Kronecker delta.
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APPENDIX II. ASsYMPTOTIC BEHAVIOR OF THE ACOUSTIC STATE FOR LARGE TIMES
Let ¢(£) = g(¢/B), where B is a large parameter (B = 24/h ~ 40 in the examples

of Sec. III), and where g has two integrable derivatives and an absolutely integrable
third derivative. Integration by parts then gives

| ” #(0) e¥odo = B [ ” g(0) eiPodo
A A/B

= %g (_2_) - 41;9g (A) i %3 TB ¢"(0) e¥itodo
= Jo) e — g e + 0 (5 82) (37

where a prime denotes differentiation with respect to the argument. The last line
follows by noting that

f :ﬂ 2"(0) e2iﬁ°da| = | 5 B ( ) %8 J . 2"(0) e2iﬂad0'l
<55 [maxc 1 @1+ [ 1870)1do]. (38)

In order to examine the properties of du(€, v) for = large, we write (13) as

bauep(€, ™) = o |o(é + ) — 2[0(8) cos 7+ 5(8) sin 7 + 0y¥(¢ — 7)
— sin2(£ + 1) f :“ [(252(0) — 5,2(0)) €0 20 + 204(c) Bo() sin 20] do
+sin 2(¢é — 7) f ! [(s2(c) — D,¥(0)) cos 26 — 2uv,(0) F4(c) sin 20] do
£—71
+ cos2(¢ + 1) ij [(ve*(0) — B%(0)) sin 20 — 2uy(0) 6,(0) cos 20) do

—cos2(é— 1) f :_ [(v62(0) — 6,%(a)) sin 20 + 2v4(a) B4(0) cos 2a] da}.
(39)

Consider first the behavior of (39) at a point £ = A + 7, where A is held fixed;
that is, we follow the acoustic pulse which originates at £ = A, as it moves toward
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positive £ at the “sound speed” of (8A). If v 2(§) — 6,%(€) and vy(€) F4(§) satisfy
the conditions on @(£) in (37), then as + — oo,

Beuy(€, Tl emasr
—a 3002()\) + sin 2 f ” [(0X(0) — $,5(0)) cos 20 — 2u,(0) By(c) sin 20] do
A

— cos 2 f * [(0(0) — 8(0)) sin 20 + 20(0) B4(0) cos 20] do

— S + 62N + o) 6T} + O (%), (40)
uniformly in any fixed, bounded A-interval. In particular, (14) follows if v,(£) and
9(€) have extrema at £ = 0.

Consider now the behavior at a fixed point £ as 1 — co. Let vy(€) and 3y(§)
have properties as before. From (39) it is clear that as  becomes large, d,u(,) takes
the form

dgu)(§, 7) = w(E) + u(€) cos 27 + u(£) sin 27. (41)
This limit is uniform in any fixed, bounded ¢-interval, where specifically
@'(§) = —alv’(€) + %*(é)], (42)
ui(§) = a[F1(ve® — Bo* 5 §) + 2Fa(vo?s ; )], (43)
uy(€) = al2§:1Weby 5 €) — Falve® — 6% )] (44)
Here we denote the functional forms

B0 = [

—

Folp; &) = f: p(o) cos 2(§ — o) do.

#(0) sin 26 — o) do — 9(6) — 2 | j (o) sin 2(¢ — o) do,

From these representations (43) and (44) we have that the time oscillations in (41)
are negligible, since u; and u, are both O(8-2). For example,

Fi(p; €) = sin 2 f:o (o) + @(—0)] cos 20da
— cos 2 :° [p(c) — p(—a)] sin 20de — (&)
— 2sin 2¢ J.w ¢(0) cos 20do - 2 cos 2¢ f ” @(0) sin 2odo
¢ ¢

-0 (—817) (45)

581/2/2-5
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which follows after several applications of (37) with A = 0 or £. A similar argument
holds for §y(¢; &).

APPENDIX III. NUMERICAL PROCEDURE
The difference scheme used in Sec. III and IV in connection with (2) was
¥ =37+ o Ay, — 20,0 4 3 I+ oy — )]
yirt =y i+ At -y, n=0,1,.,2N — 1,

where A4t is the time increment in going from level j to level j + 1. Periodicity was
always enforced at the boundaries:

Yin = Vo ete.

Since H is a conserved quantity for the exact Eq. (2), its evaluation from the
above scheme serves as a check on the numerical integrity. In the examples of
Figs. 2, 6 and 8, wAt was chosen small enough that the variations in H from its
initial values never exceeded 0.25%. For this purpose it was necessary to use in
excess of 785 time steps per natural oscillation period vy™. The example of Fig. 5
was somewhat less accurate ; energy variations were as high as one percent. A typical
calculation (with microfilm output) carried to 0.5 linear period using 400 particles
(N = 200), takes 0.4 hour with the IBM 7094 computer.
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